We show that gated bilayer graphene hosts a strong topological insulator (TI) phase in the presence of Rashba spin-orbit (SO) coupling. We find that gated bilayer graphene under preserved time-reversal symmetry is a quantum valley Hall insulator for small Rashba SO coupling λR, and transitions to a strong TI when λR > U 2 + t 2 ⊥ , where U and t ⊥ are respectively the interlayer potential and tunneling energy. Different from a conventional quantum spin Hall state, the edge modes of our strong TI phase exhibit both spin and valley filtering, and thus share the properties of both quantum spin Hall and quantum valley Hall insulators. The strong TI phase remains robust in the presence of weak graphene intrinsic SO coupling. [7, 8] in the presence of proximity magnetic exchange interaction.
In this Letter, we present a theory of topological phases in gated bilayer graphene in the presence of Rashba SO coupling t R under preserved time-reversal symmetry. From arguments of band structure and Z 2 topological invariant, we show that this gated bilayer system exhibits two topologically distinct phases, from a quantum valley Hall state at weak t R to a strong topological insulator state at strong t R . In a zigzag-edged bilayer system, the strong TI phase has the properties of both quantum valley Hall and quantum spin Hall states. At a fixed t R , topological phase transition between the two states can be achieved by gate tuning. We also show that the strong TI phase remains robust if weak intrinsic SO coupling is present in addition to the Rashba effect.
The tight-binding Hamiltonian for the AB-stacked bilayer graphene [12] in the presence of Rashba SO coupling and interlayer potential difference (due to an applied gate voltage) is [8, 13] H BLG = H 
where the single-layer Hamiltonian H
T,B
SLG for the top (T) and bottom (B) graphene layers including Rashba SO coupling [2, 14] is
where c † iα is the usual creation operator for electron with spin α = ±1 on site i and t is the intralayer tunneling energy between nearest neighhor sites. The second term on the right-hand side is the Rashba SO interaction with coupling strength t R , s is the Pauli matrices for the spin degrees of freedom, and d ij is the lattice vector pointing from site j to site i. Interlayer tunneling between the two layers is given by the third term in Eq. (1) with a tunneling energy t ⊥ , whereas interlayer potential difference 2U is given by the last two terms.
We first analyse the bulk band structure obtained from the above Hamiltonian. Figs. 1a-d shows the evolution of the bulk band structure with increasing strength of Rashba SO coupling at fixed interlayer potential difference. In bilayer graphene, a bulk band gap can be opened (panel a) by applying an external gate voltage across the layers [15] to break the inversion symmetry in the outof-plane direction. When the Fermi level lies within the bulk gap, gated bilayer graphene is a quantum valley Hall (QVH) insulator [8, 16] , characterized by a quantized valley Chern number C v , which is defined as the difference between the Chern numbers at the two valleys K and K'. 
Evolution of band structure of gated bilayer graphene at a fixed interlayer bias U/t = 0.1 for increasing Rashba SO coupling tR/t = 0, 0.04, 0.0582, 0.08. tR is assumed to be the same on both layers for concreteness. First row (panels a-d): bulk system with periodic boundary conditions; second row (panels e-h): finite strip with zigzag edges; third row (panels i-l): finite strip with armchair edges. In the second row, the dark/blue and light/green curves inside the bulk gap are used to represent edge states located at opposite boundaries. kx is normalized to inverse lattice constant 1/a and the valleys are indicated as K, K'. and vanishes completely (panel c). Since turning on the Rashba coupling from zero is not accompanied by any band gap closing, it can be inferred that the system remains a QVH insulator at finite t R and U , before the bulk gap vanishes in panel c. We find that the bulk gap reopens (panel d) when t R is further increased, and in the vicinity of gap closing the conduction and valance bands cross each other linearly as a function of t R characteristic of a band inversion. This suggests a topological phase transition, and in the following we show that is indeed so with the emergent phase a two-dimensional strong topological insulator that, interestingly, also possesses the properties of a QVH insulator in the sense that the Z 2 invariant [17] is 1 and the valley Chern number C v is also 1.
The Z 2 invariant [17] characterizes the band topology in the presence of time-reversal symmetry and is defined by
where
is the Berry connection summed over all filled band indices n with the periodic part of the Bloch function denoted by |u n (k) , Ω z (k) = (∇ k × A) z is the z component of the Berry curvature. By virtue of Kramer's theorem |u n (k) satisfies the time-reversal invariant constraint |u n (−k) = Θ|u n (k) , where Θ is the time-reversal operator. Therefore, we only need to calculate the line and surface integrals in Eq. (3) over half of the Brillouin zone (as denoted by 'HBZ' in the equation) that satisfies the timereversal constraint. We have computed Z 2 numerically from the Hamiltonian Eq. (1) using the method described in Ref. [18] . Fig. 2 shows our calculated Z 2 phase diagram as a function of U and t R , where we find that the regimes before and after gap closing are characterized by topologically distinct phases. The system before gap closing is in a QVH phase with a topologically trivial Z 2 = 0 invariant. After gap closing and reopening, we find that Z 2 = 1, therefore proving that the gated bilayer graphene system is a strong TI. At the topological phase transition critical point, the gap closing condition allows us to obtain an analytic expression of the phase transition boundary from a low-energy Hamiltonian. Expanding the tight-binding Hamiltonian Eq.
(1) in the vicinity of K, K' gives the following eight-band low-energy Hamiltonian
where η = ±1 labels the valley K, K' degrees of freedom, σ, s and τ are Pauli matrices representing the A-B sublattice, spin, and layer degrees of freedom, respectively; 1 is the identity matrix, the Fermi velocity and Rashba coupling are given respectively by v = 3ta/2 and λ R = 3t R . The low-energy Hamiltonian at k = 0 gives the energy eigenvalues ε = ±U and six other eigenenergies that satisfy the relationship
2 )ε = 0 where µ=±1. Imposing the gap closing condition ε=0 we find the topological phase transition boundary
In Fig. 2 we plot Eq. (5) on the Z 2 phase diagram, from which we see that the analytic expression (dotted line) describes accurately the phase transition boundary between the two phases obtained from our numerical Z 2 calculations. Graphene sheets have two principal edge terminations along and perpendicular to the bond-length direction, respectively known as armchair and zigzag terminations [19] . The valleys K, K' remain good quantum numbers in zigzag-edged strips but are mixed (and hence no longer good quantum numbers) in armchair-edged strips. We first examine the edge band structure in a bilayer graphene strip with zigzag edges along one direction and periodic boundary condition along the other direction. Fig. 1e shows the QVH phase at finite U and t R = 0 characterized by a pair of spin-degenerate gapless edge bands. We find that the two valleys are characterized by opposite Chern numbers ±1, therefore the valley Chern number C v = 2. With a finite Rashba SO coupling (panel f), the spin degeneracy is lifted yielding two separate pairs of gapless edge bands, and the bilayer system remains a QVH insulator with the same valley Chern number C v = 2. It can be seen that the outer pair of edge bands (e.g. at valley K, lines labeled A, B) connect the conduction band with the valance band at the same valley, whereas the inner pair of edge bands (e.g. C, D at valley K) connect the two conduction bands or the two valence bands at different valleys. When the bulk gap is closed (panel g), the two pairs of edge bands at each valley merge together with the bulk bands (the upward and downward dips at K and K'); when the bulk gap reopens (panel h) at a larger t R , only one pair of non-degenerate edge states emerges. This change from an even to an odd number of edge states signals a phase transition from a topologically trivial to a topologically nontrivial phase, consistent with our Z 2 calculation. Remarkably, we find that the valley Chern number remains quantized, but changes to C v = 1. This implies that the strong TI phase is also a QVH insulator and enjoys the same valley protection. This is illustrated in Fig. 3 showing the edge modes of the QVH and strong TI phases before and after bulk gap closing. At small t R , the QVH phase (Fig. 3a) has two pairs of counterpropagating edge states on each edge that are valley-filtered with different valley quantum numbers K and K'. At large t R after gap reopening the strong TI phase carries only a single pair of counterpropagating edge states. Although the z projections of spins are not good quantum numbers, these counterpropagating edge channels still carry helically opposite spins that are ro-tated from s z due to Rashba SO coupling. In the conventional QSH phase [2] , the counterpropagating edge states constitutes a Kramer's pair that are spin-filtered. A novel feature in our strong TI phase is that because of valley quantum number conservation, the pair of counterpropagating edge states are both spin-filtered and valley-filtered (Fig. 3b) , consistent with our bulk topological invariant results Z 2 = 1 and C v = 1. As a consequence, the strong TI phase is topologically protected both by time-reversal symmetry against weak non-magnetic disorder, and by valley-inversion symmetry against weak magnetic disorder that is long-range (longer than lattice spacings) so that intervalley scattering remains prohibited.
For armchair edge geometry, because valleys K and K' overlap and are not good quantum numbers, there is no QVH phase. At finite U and small t R before phase transition, the system is an ordinary insulator and does not have any gapless edge state (Fig. 1 i -j) . When the bulk gap closes and reopens (panels k -l), a single pair of gapless edge states emerges that are not valley-filtered but remain spin-filtered, as expected from a strong TI phase. Unlike the zigzag case however, the armchair case has no valley protection and thus carries a strong TI phase akin to the conventional QSH state.
The predicted TI state in this Letter relies on the presence of a strong Rashba SO coupling, which can be achieved in principle through doping with adatoms [7] [8] [9] 11] . This however also enhances the intrinsic SO coupling, and therefore leads to a natural question whether or not the TI state will be destroyed by the presence of intrinsic SO coupling. We address this question by including the intrinsic SO coupling term [20] in each layer of the Hamiltonian Eq. (1). Fig. 4 shows the phase diagram we obtained as a function of both Rashba SO and intrinsic SO coupling strengths at a fixed interlayer potential. First, for small t R , we find that the QVH phase remains intact when the intrinsic SO coupling t ISO is also small. As t ISO in each layer is increased, the individuallayer quantum spin Hall state due to intrinsic SO coupling prevails, leading to a phase transition to a weak TI phase [21] which is analogous to a layered QSH system. Despite each layer behaves as a QSH state, an even number of such layers renders the overall system topologically trivial that is characterized by a vanishing Z 2 and an even number of gapless edge states. For large values of t R , we identify a region in the phase diagram where the strong TI phase remains robust. This occurs when the intrinsic SO coupling is about an order of magnitude weaker than the Rashba SO coupling. Indeed, at small values of t ISO the phase diagram remains qualitatively similar to Fig. 2 at t ISO = 0, with the only difference that the gapless metallic regime (white region in Fig. 4) between the QVH and strong TI phases becomes more extended.
In conclusion, we have shown that gated bilayer graphene hosts a strong topological insulator phase at large Rashba spin-orbit coupling. The gate voltage can serve as a topological switch that tunes between the quantum valley Hall phase and the strong topological insulator phase. This can be realized by enhancing the spin-orbit coupling in graphene through adatom doping.
